ABSTRACT. The purpose of this paper is to understand in more detail the shape of the eigenvectors
of the random Schrédinger operator H = A + V on £2(Z). Here A is the discrete Laplacian and
V is a random potential. It is well known that under certain assumptions on V' the spectrum of
this operator is pure point and its eigenvectors are exponentially localized; a phenomenon known

as Anderson Localization. We restrict the operator to Z, and consider the critical model,

(Hnh)e = Yo—1,n + Yog1,n +venthe, Yo =nt1 =0,

with v = owg/+/n and wy independent random variables with mean 0 and variance 1. We

characterize the scaling limit of the shape of a uniformly chosen eigenvector of H,. We show that

|t — u] B\t—ul)
S -t —
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on [0,1]. Here u is uniform on [0, 1] and B; is an independent two sided Brownian motion started

it converges in law to

form 0.

1. INTRODUCTION

We consider the critical model of one-dimensional discrete random Schréodinger operators given
by the matrix
Vi,n 1

H, = ' . (1.1) {shrodidmatrix}

1 Un—1,n 1

1 Un,n
where

Vo = oWk /V/n. (1.2)

Here wy are independent random variables with mean 0, variance 1 and bounded third absolute
moment.

If there is no noise (i.e. o = 0) then the eigenvalues py and eigenvectors vy of H,, are given by

= 2cos(mk/(n+ 1)),
(L) = sin(nkl/(n + 1)).

The asymptotic density near E € (—2,2) is given by the arcsin law, 4~ with
1

p=pE)= \/1_7T/41U5|<2'

1

(1.3) {defrho}
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The fact that the eigenvectors of H,, are delocalized was shown in [KVVI2]. Building on the
framework developed in that paper, here we focus on actual scaling limits of the eigenvectors of
H,,. The eigenvectors are highly oscillatory and so we focus on their induced L? measure. For u an
eigenvalue of H,, and ¢* the corresponding normalized eigenvector (}_,_, [ (0)|° = 1), we consider
the measure on [0, 1] whose density is

[* ([nt])[* dt.
We let M([0, 1]) be the space of finite measures on [0, 1] with the weak topology. By this we mean
that p, — wif [ fdu, — [ fdu for every f € Cy([0,1],R).

Our main result is a statement about the joint convergence in law of the pairs
(1l (Lt ) € R x M0, 1
when we pick g uniformly at random from the eigenvalues of H,.
Theorem 1.1. Let B be a standard two-sided Brownian motion started from 0 and take

S(t) = exp (3% - Z') :

Pick p uniformly from the eigenvalues of H,, and let Y be the corresponding normalized eigenvector.
Then letting 7(E) = (op(E))?,

2 st )
,n|* (| nt dt E,— ’
(u [ ([nt])] ) = ( Jo ds S (1(s —w))

where E is distributed according to the arcsin law and u is an independent uniform from [0,1].

The proof relies on the scaling limit of the transfer matrix framework for this problem that was
developed in [KVV12]. The organization of this paper is the following. In section [2| we explain
the transfer matrix framework along with the main theorem of [KVV12] along with our slight
modification. In Section [3] we give a local version of Theorem And finally in Section (4] we show

how this local result gives the proof of the main theorem.

2. TRANSFER MATRIX

[KVV12] showed that the transfer matrix framework has a limiting evolution; it is this limiting
object that enabled them to characterize the limiting eigenvalue process. Our main technical result
is a slight strengthening of the convergence in that theorem. Our analysis will make use of this
convergence and the correspondence between eigenvectors and transfer matrices. In order to state
that theorem we first introduce the transfer matrix description of the spectral problem for H,,.

We can write the eigenvalue equation H,1 = p or

Pl =1) +ventp(€) + (€ +1) = pp(0),

as the recursion ¥(¢ + 1) = (1 — ven)Y(£) — (€ — 1) with p an eigenvalue of H,, when 1(0) =0 =
Y(n+ 1). We write this as,

Ye+1) ) _ —w P(L) Yo (G
() om0, )-o(3).



where

T(l‘) = ( T _01 ) and Mn(uag) = T(M - v&n)T(/}‘ - vf—lfn) T T(/’L - Ul,n)-

Then p is an eigenvalue of H,, if and only if

Mn(u,n)<(1)>c<(1)>, (2.2)

for some ¢ € R or, equivalently (M, (u,n))11 = 0. Moreover, notice that the corresponding normal-
ized eigenvector ¥* is given by

() = —mall = (=1,....n, (2.3)

4 2 ’
\ Lt [min (R)]
where we have written m# (¢) = (M, (i, £))11.
For local analysis in view of 1| we parametrize p = E + ﬁ. We will use the notation
M, (X, ¢) to emphasize dependence on A and E, and use the similar notation for other quantities.

Sometimes we will drop F from our notation and when we do so we are implicity assuming that
there is a fixed F € (—2,2) in the background. Setting

A owp

n:7 5 2.4
“n = n T U 24)

we have
My gMNO) =T(E+e)T(E+e_1,) - T(E+e,) for 0<l<n. (2.5)

AsT(E+ep,,) is a perturbation of T'(E), we follow the evolution in the coordinates that diagonalize
T(E). For |E| < 2, we can write T(E) = ZDZ~! with

D:<Z o), Z=M2E)<Z ) s = E/24iy/1- (B2 (2.6)

0 z 1 1

From this we can see that for |E| < 2, M,, g(), £) is a perturbation of the rotation matrix D’ and
so we cannot hope for a limiting process. However, if we regularize the evolution by undoing the

rotation and consider instead
Qn.e(\€) =T~ (E)M, 5 (A 0), (2.7)
then we have the the following scaling limit from [KVV12)].

Theorem 2.1. Assume 0 < |E| < 2. Let B(t),Bz2(t),Bs(t) be independent standard Brownian
motions in R, W(t) = %(Bz(t) +iB3(t)). Then the stochastic differential equation

dQ(\, t) = %Z (( ZOA _(; >dt+ ( % _dLVB )) Z71QMt), QN0 =1 (28)

has a unique strong solution Q(\,t) : A € C,t > 0, which is analytic in \.
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Moreover, let T = (op(E))?, then

(QH,E (/\, Lnt/TJ),o <t< T) = (Q\/7,1),0 <t < 7),

in the sense of finite dimensional distributions for A and uniformly in t. Moreover, the random
analytic functions Qn g(A,t) converge in law to Q(N\/T,t) with respect to the local uniform topology
on C x [0,7].

Remark 2.1. The main part of this theorem is proven in [KVVIZ]. The work we have done here
is to strengthen the tightness argument which allows us to get convergence in law with respect to the
local uniform topology on C x [0,7]. The extra tightness argument along with how this implies the

result is in Section[d.

3. LocAL LiMITS OF EIGENVALUE-EIGENVECTOR PAIRS

In this section we prove a local version of Theorem [[.1] We will zoom in on the eigenvalue point
process around a fixed 0 < |E| < 2. From Equation we see that the eigenvalue spacings near
E are like 1/(np(E)) and so we consider the operator np(E)(H,, — E) and its eigenvalues A, g. Our
local result is about the joint convergence of eigenvalue, eigenvectors pairs of this scaled operator.
As with our global limit we consider the induced L? measure on [0, 7] coming from the eigenvector
since it is otherwise too irregular to have a scaling limit. We think of these pairs as a point process
on X =R x M0, 7],

PnE = {(np(E)(M —E)+0, ; [k (|nt/7])|? dt) : i an eigenvalue of Hn}

With the usual product topology X is a complete, separable metric space. Let M(X) be the set
of locally finite measures on X with the local weak topology. In other words, we say u, € M(X)
converges to u € M(X) if for every continuous function f : X — R with compact support, [ fdu, —
J wdp. A random measure on M(X) is a measurable map w — p € M(X), with the Borel o-algebra
on M(X). By the point process P, g we mean the random measure in M(X) given by the sum
of the delta masses corresponding to points in the set. And by convergence in law of a sequence of
point processes on X we mean the usual notion of weak convergence of the corresponding random

measures on M (X).

Theorem 3.1. Fiz 0 < |E| < 2 and take 7 = 7(E) = (op(E))?. Let 6 be uniform on [0,2x]. Then,
the point process on R x M[0, 7]

{(np(E)(u -E)+96, g [t (| nt /7)) dt) : i an eigenvalue of Hn}

converges in law to a point process Pg.

Moreover, fort € R, let

S(t) = exp (zt/f e /4) ,



where Z is a two sided Brownian motion started from 0.
And define a measure pg on X such that for every F € Cp, (R x M[0,7]),

with u independent, uniform on [0,7]. Then the intensity measure of Pg is ug.

Remark 3.2. We note that [KVVIZ] proved the convergence of the local eigenvalue point process

and characterized the limit. Our result is an extension to the eigenvalue-eigenvector pairs.

The proof of weak convergence proceeds in the usual steps. We first show subsequential con-
vergence and then that the limit does not depend on the subsequence. We calculate the intensity
measure in a separate lemma.

In order to characterize the limiting point process, we introduce two limiting random processes.

Note that for 0 < |E| < 2, for any a,b € R? we have

Z_1<a> :<i(a—bz) >’
b i(a — bz).

So Z~! maps real vectors to vectors with conjugate entries. Since for A € R the transfer matrix

Qn.e(X,0) is real valued the process Q(A,¢) will also be real valued. Therefore, we can write for

A€ER,
iq)‘(t) 1 1
( 70) ) 2R ( 0 ) .

for some complex numbers ¢*(¢) where ¢*(0) = 1 (the extra i in the above definition makes this and
some upcoming formulas nicer). We will show that ¢* determines both the limiting eigenvalue point
process and the limiting eigenvector shape. It will be useful to write ¢ = re® in its polar coordinates

and so we make the following definition/lemma.

Lemma 3.3. For \ € R, we define 0)\(t) := 2arg¢*(t) and r\(t) := In |q/\(t)’2. Then r and 0 are

well defined and uniquely satisfy the following stochastic differential equations,

O (t) = Adt + dB + Im [e*“’*(t)dw} . 020)=0 (3.2)
dt ;
dr(t) = 7 + Re [6—29*(t)dw} ., 1M0) = 0. (3.3)
coupled together for all values of A € R where B and W are standard real and complex Brownian
motions.
Moreover 02 (t) is almost surely real analytic in X and ¢*(t) := aeg;t) satisfies the SDE

dpM(t) = dt — Re(e " D dW) > (t).

Our first step in proving Theorem is to show convergence in law along subsequences.

{Qtoq}

{SDErtheta}
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Lemma 3.4. Fiz 0 < |E| < 2. For A € R, let m)), ¢* be measures on [0, 7] with densities

ami(1) = \ (@/pENMe O Lntyr) ) [,
dg*(t) = | (0)[” dt.
Suppose that nj is a subsequence along which z(E)™ — Z. Then, in law,
{Oumd) xedn = {(A2a"7)  xesen? )
where,
Schf = {)\ eR:0(\/7,7) € 2rZ + 2(5} and ¢ = arg(z — 2).
The next lemma shows that the distribution of the limit does not depend on the subsequence.

Lemma 3.5. Fiz 7 > 0 and u uniform in [0,27]. Then for any ¢ € R,

{(/\Jru,q)‘/T) : A € Sch?} =4 {()\,q’\/T> Ae sch:}.

And finally we need the following lemma to help calculate the intensity measure of the limiting

point process.

Lemma 3.6. For every G € Cy, (R x C[0,7]),
1 e
E ) GAgV)= —/d)\E {G ()\,exp ( + >>] ,
AESch® 2m V22
with B a standard Brownian motion started at zero, u independent, uniform on [0, 7], and f*(t) =

3(u—Ju—t)).

The above three lemmas give the proof of Theorem

Proof of Theorem[3.1] Lemma [3.4] gives that along a subsequence n; such that 2™ converges to Z,

we have that

{()\+u m ) A€ Ay, E}:s {()\Jru,Qq)‘/T) :)\ESchf}}

=4 {()\, 2q)‘/7) A€ Schi}

with the equality following by Lemma Since from any subsequence we can extract a further

subsequence n; such that 2"/ converges, this gives that
{O+umd) et e} = {(A2a"7): xesehr ).

Now recall that for A € A, g, A = np(E)(n — E) for p an eigenvalue of H,, and the corresponding

normalized eigenvector is

(Mn E()‘ g))u
\/Zk 1 nE (A, k)) 11’

(=1,...,n.

{subseq_convergen



And so since dm)\(t) = ‘ ((p/2)Mn,E()\, (|nt/T]) )11‘2 dt,

n 2 dm) (t
(/P de = a0,
Since the function from M0, 1] to itself given by p +— p/u[0, 1] is continuous except at zero and the
probability that m;} = 0 is zero, this gives the convergence in law,
{(np(E)(,u—E)—i—G L [k (| nt/7])|? dt) : 4 an eigenvalue of H, } = {()\ qA/T) tA € Schg’}
T " g7 ([0, 7)) "
Now note that,

exp(B+iu—lu—t) 4 exp(Bu—|u—t/2)

fOT dsexp (B, + & (u — [u—t])) Jexp (Zo—u — Ju—s|/2)’

as processes on [0, 7], where B is a standard Brownian motion while Z is a two sided Brownian

motion started from zero. And so from Lemma [3.6] we have the intensity measure of the limiting

point process. 0
We now present the proofs of the three lemmas of this section.

Proof of Lemma[3.4} We are trying to show convergence in law of random point measures on X =
R x M[0,7]. In other words, we want to show that pn; = > \cp, 5(/\)5(mf;j) converges in law
to pu = Z/\eschf 5(\)6(g*™) with respect to the local weak topolog;. By the general theory of point
processes (see Proposition 11.1.VIII, [DVJ03]) it suffices to show that for any h € C.(X,R), the real
valued random variables [ hdp,, converge in law to [ hdp.

First, for all w € C, we let

Fn(w,t) = <§EEZ:2> = ZilQn,E(wa Lnt/TJ) <(1)> )
F(w,t) = @282) =77'Q(w, 1) (é)

By Lemma we have that Q,(w,|nt/T]) converges in law with respect to the local uniform
topology on C x [0, 7] (see Section [5) to Q(w/7,t). Since Z is a deterministic transform, we also
have that F, (w,t) converges in law to F(w/7,t). We first show that u,, is determined by F;, while
w is determined by F'.
Recall that we defined
Qn.p(w,0) = T~ (E)M, g(w,{),

and so

2 My p(w, |nt/7))),, = (1 o) (22) DTl z71Q, g (w, |t /7)) <1> (3.4)

p(E) H p(E) ’ 0

= /IS Y 8) 4 2T R2 (1), (3.5)

is a function of F,. Moreover, for A € R, we have by Equation (3.1 that
‘2

In other words m)

2 ‘q’\(t)‘2 = ‘Fl()\,t)|2 + |F2(A\,t)|” and so g* is a function of F.

{local_evector_pr

{evector_transfor



Moreover, A, g = {w € R : m,(w,7) = 0}, which again is determined by F,. And in fact,
(2/p)my, (w, T) converges in law to
m(w) := lim z"?’_lFﬁj(w,t) + 2% 2 (w, t)
nJ—>oo

= 5ZFY(w/7,7) + 22F*(w/7, 7).
And now notice that for A € R, by Equation (3.1
m(\7) =0 < zzig\\/7,7) + 2zig\\/7,7) =0 < argq(\/7,7) +arg(Z — 2) + g =0.

In other words Sch? is the zero set of 7, which is determined by F.

We have shown that [ hdp, is a measurable function of F,, while [ hdp is a measurable function
of F. Since F,, converges in law to F, the continuous mapping theorem (eg. [Kal02], Theorem 3.27)
allows us to remove the randomness from the problem. We may assume that F,, converges to F' in
the local uniform topology and simply show that this implies that [ hdji,; converges to J hdp. We

may also assume that h = hy - hy, with hy € C.(C) and hy € C(M]0, 7)),
A

~n» converges weakly to g (and

First notice that if A,, = A € R, then as measures on [0, 7], m
s0 ha(m\") converges to ha(g*/7)). Take u € C[0,7], then

T 2
/udmgn :/ u(t)‘zlnt/le;(An,t)+21”t/TJF§()\n,t)‘ dt.
0

Expanding the absolute value, noting that F,(\,,t) converge uniformly on [0,7] to F(A\/7,t), and
applying Lemma (7.1]) gives that

liT{n/udmf‘l” :/OTu(t) (1 /m o) + [F20m o)) i
:/OTu(t)dq’\/T(t).

Moreover since F;, converges to F' and 2™ converges to Z, the analytic functions on C, my,, (w, )
converge in the local uniform topology to m(w/7). By Hurwitz’s theorem this gives that the zeros

of these functions converge pointwise. And the real valued zeros converge to real valued zeros. And

S0,
im Y mWhe(m)) = Y m(Wha(gV7),
ARy (A, 7)=0 AR (N /T)=0
which completes the proof. 0

Proof of Lemma[3.8. Recall that 7* = In |q)‘|2. It therefore suffices to show that
{()\ + u,r)‘/") e schf} —d {(A,M/T) e sch:}

We first show that for u € R fixed,

{/\-i-u,r’\/T} =d {/\,r’\/T}
AESch? AESchetv



Recall the SDEs from Lemma (3.3]

(SDE1} d6* = Adt + dB + Im {e—m(&dw] ., 0M0)=0 (3.6)
(SDE2} dr* = % +Re {e—”*(ﬂdw} . rM0) =0. (3.7)

coupled together for all values of A € R where B and W are standard real and complex Brownian
motions. We let 62 (t) := 02~/ (t) 4 (u/7)t and #(t) := r*~*/7(t) and notice that * and 7 jointly

solve Equations (3.6)) and ([3.7).
And so, since 0O~/ (1) = M7 (1) —u,

Sch? +u={\:0*""/7(1) € 27Z + ¢}
={X:0N"(7) —u € 2nZ + ¢}.
Therefore
{()\ + u,r’\/T) A€ schf} - {(A,N—WT) : A€ Sch? + u}
= {(A,MT) 0N 7(r) € 2nZ + ¢+u}
= {(A,rVT) e schf_’“}

by the uniqueness of solutions. Now if u is uniform on [0, 27], then u + ¢ mod 27 is still uniform
on [0,27] and so Sch?™ =% Sch* which finishes the proof. O

Proof of Lemma[3.6, Recall that Sch® = {\ : 6*/7() € 2nZ + v}, where v is uniform on [0, 27].

Integrate out v to get

1 27
E ATy — 7E/ AT
Z G\ ™M) e ), du Z G\ 1M

AESchx AN T (T)E2T LA+

1 * AT
%E/ du Y G,

e X0 T (T)=u

Now using Lemma we have that #*/7(7) is almost surely a real analytic function in A and r*/7

is continuous in A so we can apply the co-area formula and then Fubini to get

i * A\ i > AT 80>\/T(T)
27TE/OoczuAW;)_ GO ) = o [mdAE {G()\,r =5

] (3.8) {coarea}

From Lemma [3.3] we have that the evolution of r* is given by

dr () = % + Re(e " Daw).

And moreover, oM 7 (t) = % is well defined, with SDE

d(bA/T — ﬂ _ Re(e—zﬂ)‘/'rdw)(b)\/‘r
T

Now fix A and notice that e~ dWW =4 dW and so r* and ¢ do not depend on X\. We drop the A

dependence and jointly solve for r and ¢ to get
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Lt B
1 t
or = 7/ due(T =),
T Jo
And so by Fubini,
AT T
E |G\, rM7) 967" (1) :1/ duE {e“u*“)G(A,T) :
6)\ T Jo

Fix u € [0, 7] and for simplicity, consider the process 7 = B; + t/2. This is just the time change
t — 2t. We will calculate the distribution of the path 7 on [0, 7] weighted by exp (7, — 7). In other
words if we take R to be the law of 7 on C]0, 7], we need to characterize the measure on C[0, 7]

given by,
exp(wy,, — wr)dR(w).

By standard Girsanov theory, if we take P to be the law of Brownian motion on C|0,7], then
dR(w) = exp (% — %) dP(w) and so

exp(wy, — wr)dR(w) = exp (wu - % - g) dP(w). (3.9)
Now if we let 2% := z"(w) be the Brownian path reflected at u, we have that the corresponding

exponential martingale of x*/2 at 7 is

oo (F-5) o (=)

where [2%]; is the quadratic variation of z* at t. Therefore, by another application of Girsanov, if

we let fi = [2"/2,w]; = 3 (u— |u—t|), then under the measure exp(w, — w;)dR(w) on C[0,7] a

path w is distributed like B+ f* where B is a standard Brownian motion. Undoing the time change

and applying Brownian scaling gives that,

_ B f*
(Tu TT) = —_— —_
E{e G()\,r)} E{G(A,ﬁ—i— 2)],
which completes the proof.
|

Proof of Lemma[3.3. We let X (\,t) = Z7'Q(\,t). From Equation (2.8) we have the following

stochastic differential equation for X in ¢,

. B
axo) =2 " Vas [ Y V) xovn,  xon0) =z
2\ o —ix AW —idB

This gives that

)
dX11(\1) = %Xn()\, t)dt +iX11 (X, £)dB + Xa1 (A, t)dW.
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If A € R, then X(\,t)11 = X(\,t)2; and moreover ¢*(t) = iX(\,t)1;. We fix A € R and drop it

from our notation to get
A 1. _
dqg = 54 dt + 3 (igdB—gqdw) q(0)=1

Ito’s formula then gives that

dg 1(dg)®
dl ===
ogq p 2 ¢
iN i 13 dt
= Zatytag+ 2 Law + &
5 + 3 B+ or W + 3
Since r = 2Relng and 6 = 2Im In ¢, this yields for A € R, the following SDEs in ¢,
dr = Re (qu> L&
q 4
df = \dt + dB + Im (‘%zw) .
q
Noting that g = exp(—i6) finishes the proof. O

4. PROOF OF THEOREM [I.]
{LocalImpliesGlob:

We are now in a position to prove the main theorem of the paper. We will average the local result
of Theorem to get the more macroscopic version of the theorem. In order to do so we need to
be able to control the number of eigenvalues in an a microscopic interval (of size 1/(pn)) around E.

We will the need the following lemma whose proof is given in Section [6]
{mom_num_evalues}

Lemma 4.1. Fiz R > 0 and let A,(F) = (E— %,E—&— %). Furthermore, let N, (E) =

A, NAL(E)| be the number of eigenvalues of Hy, in A, (E). Then for any € > 0,

sup sup E [Nn(E)}3/2 < 00.
n Ee(—2+4¢€,2—¢)

We now give the proof of Theorem

Proof of Theorem[I1.1 Take 6 uniform on [0, 27] and let ¥# € M]0, 1] with density |{* (|Int])|? dt.
Using Theorem and the time change ¢t — 7¢, we have that for 0 < |E| < 2, the point process

Pen = {(np(E)(n — E) + 0,npk) : p € Ay}

converges in law to a limiting point process P;.
In particular, if we fix g1 = (1 — [2])1[jz<1), 92 € Cp(R x M[0, 1]) and let
Ga(B) = > o (np(E) e = E) ) g (1)
HEA,

Then for fixed |E| < 2, G,,(E) converges in distribution to G(E) and

EG(E) = L Eg: (E, IF;TS(_(U))dt))> . (4.1) {limit_expect}
o dsS(t(s —u

We now show that [ EG,(E)dp(E) converges to [ EG(E)dp(E) from which the result will follow.
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Fix € > 0. Since supp g1 C [—1, 1], we let

Na(B) = {s€ Ay : [p— E| < 1/(np(B)},
which gives that G,,(E) < ||g1]l o, |92/l Nn(E). And so from Theorem 4.1

sup  sup E[Gn(E)]3/2<oo.
n 0<|E|<2—¢

Therefore G, (E)1|gj<2—c is uniformly integrable with respect to P x dp. And so since G,(FE)

converges in law to G(E), we have that

vergence_epsilon} nlLrI;o dp(E)E[Gn(E)l[‘EKQ—e]} = /dp(E)E[G(E)lHEkg_E]]. (4.2)
Now by Fubini,

2—e

[aoBE[GuELp<a-a] =B Y wuwt) [ do(E)ar (np(B)u - B)).

WEAR —2+e¢

Fix § > eand let A,(0) ={pn € A, : |p| <2 =106}, Ba(d) ={u €A, : |u| >2—06}. We write

= o

nEB,(5)

/dp(E)E{Gn(E)l[\EKQ—e]} _E[ Z g(n)| +E

HEAR(S)

with
2—e

g(p) = go (u,wﬁf)/

[ Ao (np(E) i~ ).

and deal with each piece separately.

First notice that for k¥ € N, we can bound

o Y (355)

HEB ()
< (2 _ 6)72k Z /~L2k7
HEA,

We know (see 77) that for fixed k,

. 1 ok | _ 1 2%k
nlgI;OE n ; K C2n /1: pla)da
nEA,

22k
< C—.
- Vk

Taking k = |1/5], we have that (1 — (5/2))_% is bounded independent of 4. And so,

{Bdelta_bound} <CVs (4.4)
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Now use the second part of Lemma to get that for u € B, (9),

/ Ap(E) s (np(E) (1~ B)) < .

n

And along with equation (4.4 this gives

D
B Y 600 < ool o 1B.(5)
HEBR(J)

= O(V9).

Now for n large enough if p € A,,(0),

/ ™ g1 (me@) — ) )dota) - /

—2+¢ —

%/gl(x)dx—&—o(l/n)

2

o (no(@)(@ = 1)) dp()

%—&—0(1/71)

The first equality follows from the fact that for x € [-2,2], p(z) > 1. And so since g1 € C.(R), we
have that | — u| < D/n for some constant D. Since u < 2 — J, we have that |z| < 2 — € for n large
enough. The second equality follows from Lemma And so

B Y =2 Y Be(uy)+ol)

MEA'IL((S) MeAn(‘S)

:% S Egs (%) + O(V5) + (1),

HEA,

with the last equality coming from equation (4.4). To sum up

/ Ap(EVB[Gr(B)Lpicoa] = = 3 Boau ") + o(1) + O(V5). (45) {average_average)

HEA,

On the other hand,

[anBE[cEn <] = [d@B6E) o

And so by equation (4.1)) along with equation (4.5) and the convergence from equation (4.2]) we
have that

S(r(t — u))dt
’ fol ds S(t(s —u))

nlggo% Z E g2 (p, ") = %/dp(E)Egg (E > + O(e) + O(9).

HEAR

Since § > € was arbitrary, this completes the proof. O
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5. TIGHTNESS

In this section we discuss the underlying tightness bounds we need to prove the weak convergence
in Lemma 211

We will use the following notions of convergence. Let A4 denote the space of continuous functions
from C x [0,1] to C% that are also analytic in the first variable. In other words, if f € Ag, then for
every t € [0,1], f(-,¢) is an analytic function from C to C?. We equip A4 with the metric

— ”] 9”
§ 2 R h , = max h(z,x)|l,

where D, = B, x [0,1] and B, = {w € C: |w| < r}. Under this metric Aq C C ([0,1] x C,C?) is a

complete, separable metric space.

A random function in Ay is a measurable mapping w — f € Ay from a probability space
(Q,F,P) to (A4, B), where B is the Borel o-field generated by the metric d. The law of f is the
induced probability measure ps on (Ag, Bg). A sequence f; of random analytic functions is said to

converge in law to a random f € Aq if py, — py in the usual sense of weak convergence.

Proposition 5.1. Suppose f; is a sequence of random functions in Ay such that
(1) For every w € C, the processes fo(w,-) € C ([0,1],C?) are tight,
(2) For every r > 0,

lim sup P (|| fell, > M) =0, (5.1)
M—oo ¢

(3) For each m > 1 and (z,t) = ((21,t1), (22,t2), -+ , (2m, tm)) € (C x [0,1))™ there is a probability
distribution Vﬁ,’f’t) on (CH™ and the random vector (fo(z1,t1), fe(22,t2), -, fi(Zm,tm)) € ((C d)m
converges in law to vzt

Then there is a random function f in Ay such that f, converges in law to f. Moreover for each

(z,t) = ((21,t1), (22,t2), -+ 5 (2m, tm)) € (C x [0,1])™, (f(21,t1), f(22,t2), -+, f(Zm,tm)) € C™ has

distribution v,

Proof. We first show that Assumptions (1) and (2) imply that the sequence f, is tight. We may
assume that each f, € A; since tightness in every coordinate function implies that the sequence is
tight.

Fix r > 0, |w|, |u] <r, and take f € A;. Then, by Cauchy’s integral formula,

Fw,t) = f(u1) = C, /|z|-2r (J:U(_tz) - J;(—?) *

f(z1)

=y w2 (u—2)

(u—w)dz

And so Jensen’s inequality along with the fact that |z — u|, |w — u| > r gives that, for every ¢,

|f(wvt) - f(ua t)| § Cr Hf||2r |u - w| .

{Tightness}
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This inequality gives that for |¢]| < r,

[f(u, t) = fw, )] < Cr | fllgy (Ju = (] + [w = ¢+ [£(¢, 1) = £S5 8)]-

And so if we take any a-net K, C B, and take § < a/2,

sup |f(w,t) = f(u,s)] < 2C, || flly, «+ max sup |f(w,t) = f(w,s)]. (5.2)
u(w,‘t)lfl(z?)nd weKa |s—t]<s
wi,|u|<r

Now fix € > 0. Since f;(w,-) is tight for w € C, for every v > 0 we can find a d,, > 0 such that
sup P ( sup |fe(w,t) — fo(w, s)| > 6) <A.
£eN |s—t|<d

In fact, just by adding probabilities, for any v, > 0 we can find a finite a-net K, C B, and a
0o > 0 such that,

supP | max sup |fe(w,t) — fo(w,s)| >e€] < 7. (5.3)
£eN weKa |s—t|<5,

Now fix v > 0. Assumption (2) means that we can find an M such that P (||fell2r > M) < 7.
Take a < €(2MC,)~! and find a finite a-net K, and a d,, satisfying Equation (5.3). Finally take
0 = min(d,, «/2). Using Equation (5.2]), we get that,

sup P sup | fo(w,t) — fo(u, s)| > 2¢ | < 2. (5.4)
£eN Il (w,t) = (u,s)|| <8
[w|,|u[<r

Since € and v were arbritary, this inequality along with Assumption (2) and Arzela-Ascoli gives
tightness of the sequence f; restricted to the discs D,. And so by Prokohorov’s theorem a subse-
quence of f; restricted to D, converges in law. By a diagonal argument, there is a subsequence fo,
such that for each integer r, the restriction of f,, to D, converges to a random analytic function
fr on D,.. The distributions of the functions f;. are consistent with respect to restricting to smaller
discs, and thus there is a random analytic function f on C x [0, 1] such that f,, — f in law with
respect to the local uniform topology. Condition (2) is strong enough to ensure that f is unique and
thus fy — f in law.

|

Proof of Theorem[2.1, We intend to apply Lemma to Qun(w,t) :== Qn r(w, |nt/7]). We cannot
apply this directly since for any w € C, the processes @Q,(w,-) are piecewise constant but not
continuous. Instead, for all w € C we let Q,,(w,-) be the linearized version of the process @, (w,-).
By this we mean the function whose graph is given by the straight line between each consecutive
jump discontinuity of @, (w,-). Since @, are analytic for any fixed ¢, Q,, € Ay . Theorem 1 of
[KVV12] gives the tightness bound (2) for Q,. Theorem 2 of [KVV12] and the continuous mapping
theorem gives that for fixed w € C, Qn(w, -) converge in law with respect to the uniform topology
and so by by Prokhorov the tightness bound (1). This theorem also gives convergence of the finite
dimensional distributions of Q,, and hence those of Q,, which is condition (3). So by Lemma Qn

{net_ineq}

{dense_tight}
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converges in law to @ and since d(Q,, Qn) goes to zero in probability we get that @), converges in
law to @@ with respect to the local uniform topology.
a

6. LOCAL EIGENVALUE ESTIMATE

In this section we give the proof of Lemma[4.1] The moment bound on the number of eigenvalues

in a macroscopic interval follows from an application of Theorem 2.2 of [LS06].

Theorem 6.1 ([LS06]). Let p < p’ be consecutive eigenvalues of Hy. Then for any E € (u,p'),
" -1
po—p= <Z ”Mn(Eaé)”z) : (6.1)
=1

Corollary 6.2. For any interval A C R, let N,(A) := |A, N A| be the number of eigenvalues of
H, in A. Then,

Na(A) <1+ IAI2/AdE (2”: IIMn<E,é>|I2> :
=1

Proof. Fix n € N and let 7(E) := Y, | M, (E, ). Take pn < i/ € A consecutive eigenvalues of
H,,. Integrating equation (6.1 gives

) > 2 /*’ dE
T A 0)

1 fodE
~ Al JaT(E)

This gives a uniform lower bound on the distance between any two consecutive eigenvalues in A.

Na(d) <1+ (|A|/pi|/A g))

<1+ \AF/ dET(E).
A

And so by Jensen’s inequality,

O
To prove Theorem via Corollary [6.2] we need a moment bound on the transfer matrices.
Lemma 6.3. Let ||-|| be the Hilbert-Schmidt norm on Mayx2(C). There is a continuous function f

on (—2,2) such for every E € (—=2,2),
3
sup max E [Mn(E,€) = I|” < f(E).
Proof. Fix E € (—2,2) and n € N and recall that for 0 < /¢ < n,

M, (E,€) = T(E — vpn)T(E — ve_1.n) -+ T(E — v1.0),
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. z -1
with T'(z) := Lo and vy, = L\%

We will prove a bound for the process X, = T—¢(E)M, (E,¢). Using the identity

T(y)T-1<x>:I+<g y;”),

we have that
Xy =T *T(E — v )T T X,y (6.2)

=TI —ven&) X1, (6.3) {mtx_recursion}

0 1
where & = T~* TE).
0 0

We first show that
[Eell < cl(p(E'))Q, (6.4) {cE_bound}

where ¢; does not depend on n or E and p(E) = 1/4/1 — (E/2)2. Recall that we can write T'(E) =
ZDZ~' where

[z O _@ zZ z o 1 -z
po(20) s (T ) oe(L ) e

with z = E/2 4 iy/1 — (E/2)2.
Using the submultiplicativity of the Hilbert-Schmidt norm along with the fact that |z] = 1 gives
that for every £ € Z,

[7(8)] < 160().
And since || & < [|[T“(E)|| |T~*(E)]|, we get the bound (6.4).

Now notice that X is a martingale with Xg = I. We use the Burkholder-Davis-Gundy inequality
along with Doob’s Decomposition to get that for 0 < ¢ < n,

L

3/2
3 2
B max | X | <c2E<;E[nXk—X“| m@) 7

Now use that X — Xp_1 = vpELXk_1, the bound on &, and that Evin =02 /n to get that
n

3/2
2 2 ¢
T c10°p(E) 2
B X 1 —c2E< k§_1:||Xk1||>

¢
1
< C3P(E)3ﬁ E Z [ Xk-1 ||3 )
k=1
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with the last inequality following from Jensen. Now using the inequality ||A + BJ||” < 2P(||A||” +

1BII"),

e3p(E)® 3 I
Emax || X, — I]]* < = > (E | Xp1 —I|° + ||IH3)
k<t n Pt

So_
< cap(E)° (1 + an> ,
where we have set Sy = Zizl E || X} — I||>. This gives that
Se— 51 =E|X, — 1|

S
< cyp(E)? (1+ énl)

Finally, letting R, = 1 + S;/n, we have that Ry < Ry_1(1 + cap(E)3/n), and so Ry < exp(cp(E)?)

for 1 < ¢ < n. Therefore, equation (6.7]) gives that
3 3
_IPP <
E max [|Xi — I < cap(B)" Rn s

< dip(E)? exp(dap(E)),

for some constants d; and dy that do not depend on E or n. Since M, (E,{) =

finishes the proof.

Proof of Theorem[{.1 Using Corollary [6.2] we have that

|/ denM (B, 0)|?

IN.(E) — 11*? < max

)

Since |A,(E)| = 2R/(p(E)n, we apply Jensen twice to get

R
E/ dx M, (z,0)|| ——SUPzen,, (E) S
) eZIH () SUPreAn () ().

Now fix ¢ >0 and I, = (—2+¢,2 —€). There is an N € N such that for any n > N if E € I, then

An(E) C 1./3. Since f is continuous on (—2,2) this means that for n > N,

E|N,(E) — 1|3/2 < max (C;, 1)
n

3/2

9(E) 3
pIf [ ds ||Mn<x,e>||2] <OFB [ wY )
An(E) ; n? An(E) ;

Here ¢ is continuous on (—2,2). Now we use Fubini along with Lemma [6.3|to get that,

~{(E)X,, this
O

{max_norm_bound}
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7. APPENDIX - SOME INTEGRALS

Theorem 7.1. Let D ([0, 1], C) be the space of cadlag functions from [0, 1] to C. Suppose the sequence
fn € D([0,1],C) converges uniformly to f € C ([0,1],C). Then for fizred z € C, |z| =1 but z # 1,

1
lim [ f.(t)zl"dt =o0.
0

n—oo

Proof. Since

1 1
| st | f(t)zk"ﬂdt] < =11,
0 0

it suffices to show that for any continuous f : [0,1] — C,

1
lim [ f(t)z"dt =o.

n—oo 0

We first assume that f is simple, by which we mean that f := cl/,;), for some constant ¢ and
subinterval (a,b) C [0,1]. We have that

[nb]

1
1
Nalntl — € k 2
| s =257 o4
k=[na]
Since z # 1, Zi\;o 2¥ is bounded for all N € N, which finishes this case. Additivity then gives the
result for any finite sum of piecewise, simple functions. And for a general f € C ([0, 1],C), we can
find functions g,, which are finite sums of simple functions so that

sup
n

1 1 !
- |nt] dt — [nt] d ’ m — d ms
/Og )zt /0 Fyzt"tat s/o lgm (8) — f(t)| dE <€

with €,, — 0. This completes the proof. O

Lemma 7.2. Let p(z) =1/4/1 — (2/2)?. Fize >0 and F € C.(R). Then

()

Proof. Suppose that suppF C [—R, R] for some R > 0. Then we can suppose |u — x| < R/n because

sup
|pl<2—e

[ F o= 2)) platds ~ [ oy

otherwise since p > 1 we have that F(np(x)(n — z)) = F(np(p)(pp — x)) = 0. p is Lipschitz on any

closed subset of (—2,2) and so for n large enough (depending only on €) we have that
e |p(n) — p(x)| < C/n,
o np(p)(p— ) —np(z)(p —z)| < £C.

This implies that

[ 1F Gop(a) = ) o) = F (o) e~ 2)) plids] < S [ F (pla) = ) o
_ CR|F|

n2

{rho_integral}
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And also that,

/ |F (np(z)(p — 2)) p(p)dz — F (np(p)(p — =) p(p)dz| < p(p)  sup  |F(z) — F(y)| / 1|y — x| < R/n|dx
|2 —y|<CR/n

D
<— sup |F(x) - F(y)|
N |z—y|<CR/n

=o0(1l/n)

since F' is uniformly continuous. These two inequalities imply

s [ F p@)oa = ) e ~ [ F (plu)n = ) pla)da| = o 1/m).
And we are done since [ F (np(p)(n — x)) p(p)de = [ F(z)dx. O

Lemma 7.3. Let p(z) = 1/4/1 — (2/2)? and take F € C.(R) with F' > 0 and F(x) < F(y) for
|z| > |y|. Then,

sup [ " F (np(a)(z — ) pla)da < O (1) .

lul<2 /-2 n

Proof. By symmetry of p(z), we can assume p > 0. Since p(z) > 1, we have that |z — p| < R/n,
where suppF C [—R, R]. In particular, since p > 0, for n large enough, we have that z is bounded

away from —2 independently of . And so we can write

V2—x

The decreasing property of F' gives that

| ZF(np(x)(xm)p(x)dz <af ZF (n %) =

Writing v = 2 — p and changing variables y = /2 — z/,/7,

[or(engts) = [ (v (1))
<clFvi | T 1[ly - 1/l < R/(ny7)] dy.

Now fix @ > 0. Notice that if 0 < x <1,

|l —1/2| <20 = 2> Va?2+1-a.
And so

1
/ 1{lz —1/z|<2a]<1+a—va?+1
0
< Ca.

Similarly if > 1, then

|z —1/2]| <20 = z<a+VaZ+1.
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And so
/ 1z —1/2| <20] < a—1+/a? +1
1
< Ca.

Therefore
Vi [ alle = 1/e < Ritnym)] de < O
0 7Y
= C/n.
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